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The dihedral group Dn is the group consisting of the rotations and reflec-

tions of an n-sided regular polygon that transform the polygon into itself.
Here we’ll find the equivalence classes of Dn. As a reminder, two group
elements a and b are in the same equivalence class if there is another group
element g such that

a= g−1bg (1)

where g is not necessarily in the same equivalence class as a and b.

ODD DIHEDRAL GROUPS

Example 1. We’ll start with the simplest dihedral group D3 representing a
triangle, as in Fig. 1.

FIGURE 1. Dihedral group D3 for a triangle.
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A triangle has 3 medians, so we can reflect across any of these lines, giv-
ing us the three reflection elements sp, sy and sr (the subscripts represent
the colours of the lines: purple, yellow and red). Each reflection is its own
inverse, since reflecting twice across the same line restores the triangle to
its starting position. There are also three rotations that leave the triangle
unchanged, each counterclockwise through 2nπ

3 for n= 0,1,2. We can rep-
resent the rotations by I , r, r2since if n= 0, the triangle is unchanged. We
also have r−1 = r2, since rr2 = r3 = I .

To find the equivalence classes, we investigate combinations of reflec-
tions and rotations, using the fact that the product of two rotations is an-
other rotation, the product of two reflections is a rotation, and the product
of a reflection and rotation is a reflection. Since all rotations commute, we
have

r−1rir = r2rir = r3ri = ri (2)
so terms of this sort tell us nothing about equivalence classes.

We now consider

r−1spr (3)
Applying this (right to left) to the initial configuration ABC gives us

ABC 7→ CAB 7→ CBA 7→BAC (4)
The configuration BAC is equivalent to applying the reflection sy to ABC,
so we see that

r−1spr = sy (5)

From the symmetry of the triangle, we can see that applying r−1 〈s〉r to
a reflection 〈s〉 results in the next reflection moving counterclockwise. That
is

r−1syr = sr (6)

r−1srr = sp (7)

Thus all the reflections are in the same equivalence class.
For the rotations, we can try terms like

s−1
r rsr = srrsr (8)

From the theorem that for a dihedral group

srs= r−1 (9)
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FIGURE 2. Dihedral group D5 for a pentagon.

for any reflection s and rotation r, we see that for D3

srrsr = r−1 = r2 (10)
Thus r and r2 are in the same equivalence class.

The classes for D3 are therefore

{I} ,{sr, sy, sp} ,
{
r,r2} (11)

Example 2. We’ll now consider D5 for a pentagon, since we want to get
the general behaviour for an odd-sided polygon. The diagram is Fig. 2.

There are 5 medians so there are 5 rotations with r−1 = r4 and five re-
flections. Consider first r−1spr for transforming the reflection sp about the
purple median. We have, with a starting configuration ABCDE

ABCDE 7→ EABCD 7→ EDCBA 7→DCBAE (12)
The final configuration is equivalent to the reflection sg about the green line.
Thus r−1spr = sg. By the same symmetry argument as with the triangle,
we see that applying r−1 〈s〉r to a reflection line gives us the reflection
line passing through the next vertex, working clockwise around the figure.
Therefore
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r−1spr = sg

r−1sgr = sy

r−1syr = sr

r−1srr = sb

r−1sbr = sp

(13)

Thus all reflections are in the same class.
For rotations, we can again use the relation 9 to see that the rotations

fall into classes in pairs, so that
{
r,r4} and

{
r2, r3} form classes. Since the

only way a term such as 1 can result in a rotation when g is a reflection is for
b to be another rotation (since (reflection)×(rotation)×(reflection)=(rotation)),
there is no way to convert, say, r2 into r or r4.

The classes for D5 are therefore

{I} ,{sg, sy, sr, sb, sp} ,
{
r,r4} ,{r2, r3} (14)

Classes for the general odd dihedral group. We can generalize these two
examples to see that for Dn for odd n will have equivalence classes con-
sisting of the identity {I} (with nc = 1), one class containing all the reflec-
tions {si} (with nc = n), and n−1

2 classes containing the rotations in pairs{
ri, rn−i

}
(with nc = 2 for each class).

The number of classes is

1+1+
n−1

2
=

n+3
2

(15)

The total number of elements is

1+n+2× n−1
2

= 2n (16)

which is the number of elements in the group (n reflections and n rotations).

EVEN DIHEDRAL GROUPS

Example 3. We can now consider the simplest dihedral group for n even,
which is D4 for the square, Fig. 3.

We now have 4 medians. The four rotations are by nπ
2 for n = 0,1,2,3

and r−1 = r3, with r2 being its own inverse, since
(
r2)2

= r4 = I .
We consider r−1syr (with sy being the reflection about the yellow me-

dian) acting on an initial configuration of ABCD. We have

ABCD 7→DABC 7→DCBA 7→ CBAD = sr (17)
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FIGURE 3. Dihedral group D4 for the square.

That is, r−1syr is equivalent to reflecting about the red median.
If we now look at r−1sgr we have

ABCD 7→DABC 7→ ADCB 7→DCBA= sp (18)
so that r−1sgr is equivalent to reflecting about the purple median.

Thus the reflections fall into two classes: one with reflections through the
medians connecting opposite vertices, and one with reflections through the
medians connecting the midpoints of opposite sides.

For the rotations, we again use 9 and we see that the rotations fall into
pairs

{
ri, rn−i

}
. However, since n is even, the rotation rn/2 is in a class on

its own. For D4, the classes are

{I} ,{sy, sr} ,{sp, sg} ,
{
r,r3} ,{r2} (19)

Classes for the general even dihedral group. In general for Dn with n
even, we have the classes {I} (with nc = 1), one class with reflections
through vertex medians (with nc =

n
2 ), one class with reflections through

midpoints of sides (with nc =
n
2 ), one class with the rotation

{
rn/2

}
(with

nc = 1) and n−2
2 classes with the other rotations in pairs (with nc = 2 for

each class).



EQUIVALENCE (CONJUGACY) CLASSES OF DIHEDRAL GROUPS 6

The total number of classes is then

1+1+1+1+
n−2

2
=

n−6
2

(20)

As a check, we can add up the number of elements in all the classes:

1+
n

2
+

n

2
+1+2× n−2

2
= 2n (21)

which is the size of the group (n rotations and n reflections).
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